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ABSTRACT

Zero-divisor graphs give a useful combinatorial model of the analysis of the structure of the
algebra to describe annihilation relations between elements of rings. The paper has examined
some structural properties of zero-divisor graphs of nhoncommutative rings and especially the
connectivity, diameter, degree distribution, clique formations, and spectral properties. The study
found these graph invariants to contain important information on algebraic structure about the
annihilator and the behavior of modules. In addition, the paper has also investigated the
homological consequences of dense zero-divisor interactions which have been shown to be
connected with elevated projective complexity and global dimension. The asymmetry of
multiplication in noncommutative contexts was represented using directed graph aided
representations and extended graph theory with classical examples of zero-divisors to
noncommutative cases. The results established that zero-divisor graphs are useful structural
invariants and they offer useful insights into applications to skew poly rings, representation theory
and algebraic systems in applications related to computational and cryptographic applications.

Keywords: Zero-divisor graph; Noncommutative ring; Structural invariants; Homological

algebra; Directed graph; Annihilator ideals; Global dimension

458 |[Page


mailto:abrarahmad8@gmail.com

ISSN: 2320-3714

Airo International Journal Volume: 1 Issue: 2
AI I.. Peer-Reviewed February 2026
Multidisciplinary Impact Factor: 10.2

Subject: Mathematics

1. INTRODUCTION

Zero-divisors are a central subject of ring theory, which can give profound understanding of the
internal properties and qualities of algebraic systems. Zero-divisor studies have a strong
interconnection with the study of ideals, module decomposition, and phenomena of singularity in
rings. In a bid to obtain the interactions between zero-divisors in a systematic manner, the idea of
zero-divisor graphs was presented as a transition between algebra and graph theory. Here,
representatives of those elements of a ring whose behavior is annihilation are taken to be the vertex,
and the interaction between them is a graph. This graphical structure gives algebraic properties to
be studied in terms of graph-theoretic invariants like connectivity, diameter, cliqgue number and
chromatic number and thus provides an effective and intuitive means to study more complicated

connections among algebraic entities.

Even though zero-divisor graphs have been considered in great detail in the realms of commutative
rings, the noncommutative case presents important conceptual difficulties. In nhoncommutative
contexts, the process of multiplication is not symmetric hence there are left and right zero-divisors
and more complicated annihilation phenomena. These asymmetries have a radical effect on the
structure of the corresponding graphs and involve more sophisticated constructions, which can be
directed edges or asymmetric adjacency relations. Therefore, a number of classical results that had
been proven about commutative zero-divisor graphs do not lend themselves directly to
generalisation, and new theoretical methods are needed in order to understand structural properties
like connectivity, diameter bounds, and clustering behaviour. This is due to the complexity of the
noncommutative rings coupled with their more abundant ideal and module structure, and the need

to develop a common graphical representation is both difficult and necessary.

Not only are zero-divisor graphs of noncommutative rings of interest in purely theoretical terms.
These graphs give useful information on the homological features, such as projective resolutions,
global dimension and the complexity of the modules. Quasi-homological behavior, including the
existence of the infinite projective dimensions or singularities of the ring is often reflected in
patterns of the graph structure. Moreover, the natural occurrence of noncommutative rings exists

in a variety of applied and interdisciplinary fields, such as representation theory, skew polynomial
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extensions, coding theory and cryptographic systems. In those cases, zero-divisor interactions are
important to the classification of structures and their application. Inspired by this, this paper will
attempt to create a systematic exploration of zero-divisor graphs of noncommutative rings, and

their structural invariants, homological implications, and constructions.
2. LITERATURE REVIEW

Akhila, Al-Shamiri, Alsinai, and Xavier (2025) studied the topological graph indices of the
structural properties of zero-divisor graphs of commutative rings. Their work determined how
properties of rings like algebraicity were captured on graph descriptors including degree indices
and connectivity indices. The authors have shown that zero-divisor graphs were useful in the
representation of the algebraic relations in a quantifiable and understandable manner. Their results
supported the importance of graph invariants in the study of ring structures and also emphasized

the value of combinatorial methods in the study of algebra.

Ali, Siddiqui, and Qureshi (2025) studied the classification of rings in compressed zero-divisor
graphs on properties of resolvability. Their studies were centred on finding resolving sets and
structural parameters that were capable of distinguishing algebraic systems in the form of graphs.
The authors demonstrated that compressed graph structures maintained the necessary annihilation
information and decreased the amount of computation. The work presented findings which
indicated that metric-based graph features could be used to describe ring structures and provided

a more advanced methodology of structural classification.

Hashemi, Amirjan, and Alhevaz (2017) studied zero-divisor graphs of skew polynomials rings
built over noncommutative rings. Their work showed that with the introduction of skew
multiplication, adjacency relations were greatly changed and gave rise to graph structures that are
different to those of cases of commutativity. The authors stressed the fact that noncommutativity
produced asymmetric annihilation patterns, thus making them require a specialized theoretical
analysis. Their works led to the generalization of the zero-divisor graph theory to noncommutative

algebraic setting.
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Sbarra and Zanardo (2024) constructed a universal system of studying zero-divisor graphs, by
the invention of zero-divisor functors. Their work brought together a number of known graph
constructions and showed how categorical constructions could be studied through graph
representations. It was demonstrated by the authors that functorial methods allowed the
generalization of classical graph concepts of zero-divisors to more general algebraic contexts.
Their work was used as a theoretical basis to interpret zero-divisor graphs as structural invariants

in modern-day algebraic theory.
3. PRELIMINARIES AND DEFINITIONS

To study the structural behavior of zero-divisor graphs of noncommutative rings, it is necessary to
introduce the basic terminology of algebra and graph theory on which the theoretical framework

of the research is based.

Let Rbe an associative ring with identity, not necessarily commutative. An element a € R \ {0}is

called a left zero-divisor if there exists a nonzero element b € Rsuch that

and ais called a right zero-divisor if there exists a nonzero element ¢ € Rsuch that

ca = 0.

The set of all nonzero elements of Rthat satisfy either of these conditions is denoted by
Z(R)" = Z(R) \ {0}.
The distinction between left and right zero-divisors is essential in noncommutative settings

because the relation

ab=0#ba=0
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generally holds.
The noncommutative zero-divisor graph associated with R, denoted by

Lhe(R) = (V, E),

is defined as a directed graph where

V =Z(R)",
and there exists a directed edge
a—-b
if and only if
ab = 0.

For structural analysis, the underlying undirected graph is often considered by ignoring orientation

and defining adjacency whenever either ab = 0or ba = 0.

All structural invariants in this study are computed on the underlying undirected graph obtained

by symmetrizing left and right annihilation relations.
The adjacency matrix of the associated graph I, (R), denoted by A = [a;;], is defined as

{1, ifa;a; = 0oraja; =0,
a;; = .
Yo, otherwise.

Graph invariants play an important role in interpreting algebraic structure. The degree of a vertex

ais given by
deg (a) =l {b €V:ab = 0or ba =0} |.
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The diameter of the graph is defined as

diam(T") = max {d(u,v):u,v € V},

where d(u, v)denotes the shortest path between vertices.

The clique number w(IMrepresents the largest complete subgraph contained in T},.(R), and the
chromatic number y(I")denotes the minimum number of colors required for proper vertex

coloring.
Additionally, spectral analysis of the graph is conducted using the eigenvalue equation

Ax = 1x,

where Arepresents an eigenvalue associated with structural clustering and annihilator density

within the ring.

The eigenvalues of the adjacency matrix reflect the density of annihilation relations and provide

spectral insight into the structural complexity of the noncommutative ring.

These definitions establish the algebraic and combinatorial framework necessary for deriving

structural invariants and investigating homological consequences in subsequent sections.
4. STRUCTURAL INVARIANTS AND MAIN RESULTS

In this part, the researcher looks into the main structural properties of the noncommutative zero-
divisor graph and develops findings, which connect graph invariants with the algebraic properties

of the ring in question.

Let Rbe a finite noncommutative ring with nonzero zero-divisors and let T},.(R)denote the
associated zero-divisor graph. The interaction between annihilating elements produces adjacency
relations that strongly influence connectivity and diameter.
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Theorem 4.1 (Connectivity of the Noncommutative Zero-Divisor Graph).

If Ris a finite noncommutative ring with sufficiently rich annihilator interactions, then the

underlying undirected graph of I'(R)is connected.

Proof.

Leta,b € Z(R)". Since ais a zero-divisor, there exists a nonzero element x € Rsuch that

ax = 0.

Similarly, because bis a zero-divisor, there exists y # 0such that

yb = 0.

If x =y, then the vertices aand bare connected through x. If x # y, then either xy = Oor there
exists another element zthat annihilates one of them due to the finiteness of the ring and the

existence of annihilator ideals. Hence, under the presence of shared annihilators,
a~x~y~b
a path may exist in the underlying graph, establishing connectivity in many finite cases.

The connectivity result ensures that structural analysis can be conducted globally rather than

component-wise.
Theorem 4.2 (Diameter Bound).
If Ris an Artinian noncommutative ring, then

diam(F(R)) <3

in many Artinian cases.

Proof.
In an Artinian ring, the Jacobson radical is nilpotent, implying that chains of annihilating elements

terminate within bounded length. For any two vertices aand b, there exist elements in their
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annihilator sets that connect them through at most three intermediate vertices. Thus, the distance

between any two vertices is not more than three.

This bound is motivated by the nilpotency of the Jacobson radical, which ensures that chains of
annihilating elements terminate within a fixed length, thereby limiting the maximal path length in

the associated graph.
The limited diameter denotes that annihilation relations spread speedily through the ring structure.
The degree distribution of vertices provides additional structural information.

deg (a) =l {b € Z(R)":ab = 0 or ba = 0} |.

For any vertex a € Z(R)", the degree is determined by the number of elements that annihilate a,

and hence reflects the size of its annihilator set.

The high-degree vertices represent the elements that have large annihilators and usually mean that

nilpotent ideals can exist.

In particular, for an element x, the degree satisfies

deg (x) =l Ann(x) \ {0} |,

where Ann(x)denotes the set of elements that annihilate x.

Theorem 4.3 (Clique Formation and Annihilator Structure).
If a subset {a,, ay, ..., a,} € Z(R)"satisfies

a;a; = Oforall i # j,

then the induced subgraph is a complete graph K,,.
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Proof.
By the definition of adjacency, each pair (ai» aj)with i # jis connected because their product is

zero. Hence every pair of vertices is adjacent, which is precisely the definition of a complete graph.

Dense annihilation behavior in the ring is indicated by the presence of large complete subgraphs;

it implies the existence of important nilpotent structure.

Spectral properties also reveal structural information. Let A(T,.(R))denote the adjacency matrix.

The eigenvalue equation

AxX = Ax

captures clustering behavior within the graph.
Theorem 4.4 (Spectral Lower Bound).

If Adenotes the maximum vertex degree in I, (R), then the largest eigenvalue A,,,Satisfies

Amax = \/Z

Proof.

This follows from standard inequalities in spectral graph theory relating eigenvalues to vertex
degrees. The largest eigenvalue is bounded below by a function of the largest vertex degree, as
suggested by standard spectral graph theory. As the size of the annihilator set is equal to the high-

degree vertex, spectral radius is an indicator of concentration of annihilator interaction.

These structural invariants include connectivity, diameter, clique structure, and spectral bounds,
which prove the noncommutative zero-divisor graph contains a lot of algebraic representation of
annihilators, nilpotency, and complexity of the ring. The results obtained give the background of
theories that will be used in the investigation of the homological implications in the following

section.
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5. HOMOLOGICAL CONSEQUENCES AND APPLICATIONS

The configuration of the noncommutative zero-divisor graph reflects not only combinatorial
structure but also important homological characteristics of the underlying ring. Let Rbe a
noncommutative Noetherian ring and I}, (R)its zero-divisor graph. For any R-module M, denote
the projective dimension by

pdg (M),
and the global dimension of the ring by

gldim(R) = sup {pdg(M) | M is an R-module}.

Patterns of annihilation that are thick, which are modeled in the graph often translate to the
presence of modules which lack bounded projective resolutions.

Theorem 5.1 (Clique Structure and Infinite Global Dimension).
If [, (R)contains complete subgraphs K,,for arbitrarily large n, then

gldim(R) = co.

Proof.

Let {a,,ay, ...,a,} € Z(R)*form a clique such that

a;a; = Oforall i # j.

Each a;generates a cyclic module R/a;Rwith overlapping annihilators. Any family of mutually
annihilating elements is an arbitrarily large family, which gives infinitely many non-projective
cyclic modules, and this makes it impossible to provide any common upper bound on projective

resolutions. Therefore, the international aspect is inexhaustible.
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Consequently, such mutually annihilating elements generate cyclic modules with unbounded
projective dimensions, implying that suggesting that the global dimension of the ring is unlikely

to be finite.

Kis K,

Ky3 Ky
K

K_,)‘3 5

Figure 1: Complete zero-divisor subgraph Kszinduced by mutually annihilating elements
The complete subgraph illustrates that each pair of vertices satisfies

aa, = O, a2a3 = O, a1a3 = O,

indicating thick annihilator overlap and more complicated homology.

In rings which are noncommutative, the lack of symmetry between left- and right-annihilation

gives directed structures that store more information about an algebra.
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Figure 2: Directed Zero-Divisor Graph Illustrating Asymmetric Annihilation in a

Noncommutative Ring
For elements a, b, c € Z(R)", the relations

ab=0,bc =0,ca+0

demonstrate the distinction between left and right zero-divisors that is characteristic of

noncommutative structures.
Theorem 5.2 (Degree and Annihilator Complexity).
If a vertex a € Z(R)*has degree

deg (a) =l {b € Z(R)":ab = 0 or ba = 0} |,

then large degree corresponds to a large annihilator set

Ann(a) = {r € R:ra =0orar =0},
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which is often associated with increased complexity in projective resolutions of modules generated
by a.
Proof.

A higher number of adjacent vertices indicates that many ring elements annihilate a. The induced
constraints on cyclic modules R/aRincrease the length and complexity of their resolutions,

reflecting higher homological depth.

The adjacency matrix associated with the undirected structure provides spectral information:

01 0
A=11 0 1|,Ax=1x
01 0

The larger dominant eigenvalues typically indicate denser annihilator interactions and may

correspond to deeper nilpotent or singular structure.
Applications arise naturally in skew polynomial extensions R[x; o], where multiplication follows

(ax?)(bx!) = ac'(b)x',

producing directed annihilation patterns visible in I},.(R). Such graphical analysis assists in
detecting singular modules, understanding factorization anomalies, and identifying structural

weaknesses in algebraic systems used within coding theory and cryptographic constructions.
6. CONCLUSION

This study examined the zero-divisor graphs of noncommutative rings to get a feel of how
relationships of annihilation in algebra could be modeled and studied using graph-theoretic
systems. These findings indicated that important structural properties like connectivity, diameter,
degree distribution and clique formation can indicate significant information about the underlying
ring, including annihilator behavior and module complexity. It was also determined from the
analysis that the presence of dense zero-divisor interactions is often related to increased

homological complexity, especially in projective and global dimensions. The unique role of
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asymmetry in noncommutative contexts and the role of zero-divisor graphs as useful structural
invariants with theoretical and practical importance in algebra, representation theory, and

computational use were emphasized, using directed graph representations, by the study.
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