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Abstract

In many areas of science and engineering, mathematical models are expressed in the form of ordinary
and partial differential equations. Although analytical solutions provide exact mathematical
descriptions, they are rarely available for realistic physical systems because of nonlinear behaviour,
complex geometries, or difficult boundary conditions. For this reason, computational numerical
methods have become essential tools for obtaining practical and reliable solutions.
This research focuses on the computational implementation and analysis of widely used classical
numerical techniques for solving differential equations. The fourth-order Runge—Kutta method is
applied to initial value problems involving ordinary differential equations, while finite difference
approaches—namely explicit, implicit, and Crank—Nicolson schemes—are used for time-dependent
partial differential equations such as the heat diffusion model. Numerical simulations are performed to
evaluate accuracy, convergence behaviour, stability limits, and computational efficiency. Wherever
possible, numerical results are compared with known analytical solutions to validate correctness.
Graphical visualizations are also presented to illustrate how numerical solutions evolve with step size

and time progression.

The computational findings suggest that higher-order Runge-Kutta methods achieve strong accuracy
for smooth ordinary differential equations with moderate computational effort, whereas implicit and
Crank—Nicolson finite difference schemes provide superior stability for diffusion-type partial
differential equations. Overall, the study demonstrates that careful selection of numerical techniques

based on stability, efficiency, and physical interpretation is essential for meaningful computational
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modelling. The proposed computational framework can support practical problem-solving in

engineering, physics, and applied scientific research.

Keywords - Numerical computation, Runge—Kutta method, finite difference scheme, Crank—Nicolson

method, stability analysis, computational modelling.

1. Introduction

In modern scientific research and engineering design, differential equations are widely used to describe
systems that evolve with respect to time or space. Physical processes such as heat transfer, vibration of
mechanical structures, electrical circuit dynamics, diffusion of particles, and population growth are
commonly expressed through ordinary or partial differential equations. While analytical solutions
provide exact mathematical expressions, they are often limited to highly simplified models. Realistic
systems usually involve nonlinear terms, irregular domains, or complicated boundary conditions,

making closed-form solutions difficult or sometimes impossible to obtain.

Because of these challenges, computational numerical methods have become a central component of
applied mathematics and engineering analysis. Instead of solving equations symbolically, numerical
techniques approximate the solution at discrete points within the domain. With the advancement of
computing technology, these approximations can now be calculated quickly and with high precision,

allowing researchers to study complex systems that were previously intractable.

Among the many available numerical approaches, Runge—Kutta methods for ordinary differential
equations and finite difference schemes for partial differential equations remain some of the most
practical and widely used techniques. Their popularity comes from a balance of conceptual simplicity,
computational efficiency, and strong theoretical foundations. However, successful computational
modelling does not depend only on applying a numerical formula. It also requires careful consideration
of stability, convergence behaviour, discretization error, and computational cost, especially when

simulations are performed over long time intervals or fine spatial grids.

The purpose of this work is therefore not only to review numerical techniques, but to implement and
analyse them computationally. By performing simulations, comparing numerical and analytical
solutions, and visualizing the behaviour of the computed results, a clearer understanding of method
performance can be achieved. This computational perspective is essential for translating mathematical

theory into real engineering problem-solving.
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To illustrate the overall computational process used in this study, the workflow from mathematical

modelling to numerical simulation output is presented in Fig. 1.

Figure 1 General computational pipeline showing the transition from mathematical modelling of

differential equations to discretization, numerical solution, and final simulation output.

2. Mathematical Modelling and Problem Formulation

To perform meaningful computational analysis, the first step is to clearly define the mathematical
models that describe the physical systems under consideration. In this study, representative models from
both ordinary differential equations (ODEs) and partial differential equations (PDEs) are selected so

that numerical behaviour, stability, and convergence can be examined in a controlled manner.

2.1 Ordinary Differential Equation Model

Consider the first-order linear initial value problem

@ _ 2y,v(0) =1
Tx y,y(0) =

This equation represents a simple exponential decay process, which appears in radioactive decay, heat

cooling, electrical discharge in RC circuits, and population decline models.
The exact analytical solution is
y(x) =e

Because the exact solution is known, this model is highly suitable for validating numerical accuracy of

computational schemes such as the fourth-order Runge—Kutta method.

2.2 Partial Differential Equation Model

For the PDE analysis, the one-dimensional diffusion (heat) equation is considered:

ou 0%u

—=a—,0<x<L,t>0
ot Yoxz ST
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with boundary and initial conditions
u(0,t) = 0,u(L,t) = 0,u(x,0) = sin (7x)

This model describes heat transfer in a thin rod with fixed temperature at both ends.

It is widely used in numerical analysis because:
o the physics is clear and interpretable
e stability behaviour of numerical schemes can be tested
e an analytical series solution exists for verification

Initial Condition Profile for the 1D Diffusion Model
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Figure 2 Initial spatial temperature distribution u(x, 0) = sin (;rx)used as the starting condition for

numerical simulation of the one-dimensional diffusion equation.

The smooth sinusoidal profile ensures that numerical error arises from discretization, not from

discontinuities in the initial data.

2.3 Computational Discretization Parameters

To solve the PDE numerically, the spatial and temporal domains are discretized as
x; =th, t; = jk
where:
e h— spatial step size
e k— time step size
e i=01,..,N

e j=01,...M
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The numerical solution at grid points is denoted by
ul ~ u(x;, ti)
i 2]

Table 1 Computational parameters used in simulations

Quantity Symbol Value
Domain length L 1.0
Thermal diffusivity a 1.0
Spatial step size h 0.02
Time step size k 0.0002
Number of spatial nodes N 50
Final simulation time T 0.5

These parameters are selected to satisfy numerical stability requirements while maintaining reasonable

computational cost.

2.4 Objective of Computational Study

Based on the models defined above, the computational objectives of this paper are:

¢ to implement Runge—Kutta methods for solving the ODE model

to implement finite difference schemes for the diffusion PDE

e to compare numerical and analytical solutions

to analyse error, convergence, and stability behaviour

to visualize solution evolution through computational plots

This structured formulation ensures that the numerical investigation remains physically meaningful and

mathematically verifiable.

3. Computational Implementation of Numerical Methods for Ordinary Differential

Equations

The computational solution of ordinary differential equations transforms a continuous mathematical

model into a sequence of discrete numerical operations. Unlike purely theoretical derivations,
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computational implementation focuses on accuracy, stability, and efficiency of calculation, which are

essential when solving real scientific or engineering problems.

In this work, the fourth-order Runge—Kutta (RK4) method is selected for implementation because it
provides a strong balance between numerical precision and computational effort. The method avoids
higher-order derivatives while still achieving fourth-order accuracy, making it one of the most reliable

techniques for solving smooth initial value problems.

3.1 Runge-Kutta Formulation

Consider again the exponential decay model

b _ 2y,v(0) =1
Tx y,y(0) =

For a step size h, the RK4 method evaluates four intermediate slopes within each step and combines

them in a weighted average:

kq = f(Xn, Yn),
H h h
k2 = fl-’-i(xn + E'yn + Ek1>'
HH h h
ks = fT(mnt500m +3k),
ky = f(n+hyy + hks),

and the numerical update is

h
Yn+1 =In t+ g(k1+2k2+2k3+k4)-

This formulation ensures that truncation error decreases rapidly as the step size becomes smaller,

leading to highly accurate numerical approximations.

3.2 Computational Algorithm

From a computational viewpoint, the RK4 implementation follows a clear sequence of steps:
e initialize the starting value yyat x = 0
e compute the four intermediate slopes at each step

e update the numerical solution using the RK4 weighted average
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e repeat the process until the final domain point is reached

Although conceptually simple, this iterative structure is extremely powerful and forms the basis of many

modern scientific simulation codes.

3.3 Numerical Accuracy and Validation

To verify correctness, the RK4 numerical solution is compared with the exact analytical solution y(x) =
e~ ?*_ The comparison demonstrates that the numerical curve closely follows the analytical behaviour
across the entire domain, confirming the high accuracy and stability of the RK4 method for smooth

decay problems.

The graphical comparison between numerical and exact solutions is shown in Fig. 3, where both curves

almost overlap, indicating very small numerical error.

RK4 Numerical Solution vs Exact Solution

1.0 ——- Exact Solution
RK4 Numerical Solution

0.8

0.6 1

yix)

0.4 4

0.2 4

0.0 4

Figure 3 Comparison of the RK4 numerical approximation with the exact analytical solution of the

exponential decay model. The near overlap of curves indicates high numerical accuracy.

3.4 Error Behaviour

To quantify the numerical performance, the absolute error between analytical and RK4 solutions is
evaluated at selected grid points. The results, summarized in Table 2, confirm that the RK4 method

maintains very small error even for moderate step sizes.
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Table 2 Numerical error of RK4 solution

X Exacty RK4 y Absolute error
0.0 1.0000 1.0000 0.0000
0.5 0.3679 0.3679 <107*
1.0 0.1353 0.1353 <107*
1.5 0.0498 0.0498 <107*
2.0 0.0183 0.0183 <107*

The extremely small deviation confirms the fourth-order convergence behaviour predicted by numerical

theory.

3.5 Interpretation of Computational Results

The computational experiment highlights several important observations:
e RK4 provides very high accuracy without requiring complex derivatives.
e Numerical stability remains strong for reasonable step sizes.
e Computational cost is moderate, making the method suitable for real simulations.

These characteristics explain why RK4 remains one of the most widely used numerical solvers in

applied mathematics and engineering computation.

4. Computational Finite Difference Methods for Partial Differential Equations

When differential equation models involve both space and time variables, analytical solutions quickly
become limited to highly simplified situations. For realistic engineering systems such as heat transfer,
diffusion, or wave propagation, numerical discretization becomes the only practical approach. Among
the available techniques, finite difference methods (FDM) are widely used because they directly
approximate derivatives using neighbouring grid values and are straightforward to implement

computationally.

In this study, the one-dimensional diffusion equation introduced earlier is solved using different finite
difference schemes in order to understand how stability, accuracy, and computational cost influence the

final numerical solution.
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4.1 Explicit Finite Difference Scheme

The explicit method computes the future temperature value directly from the known present values.

Applying forward difference in time and central difference in space to

ou 0%u
ot Y ox?

gives the discrete form

. . . . ak
_ oo _ar
=ul +r(u,, —2u +ul_ ) r=

j+1
J e

u;

This formulation is simple and computationally fast because no system of equations needs to be solved

at each step.

However, the explicit method is conditionally stable, meaning that the time step must satisfy

1

<=
T=3

If this condition is violated, the numerical solution grows uncontrollably and loses physical meaning.

4.2 Implicit and Crank—Nicolson Schemes

To overcome stability restrictions, implicit-type schemes evaluate spatial derivatives at the future time
level.
This leads to a linear algebraic system of equations that must be solved at every time step, increasing

computational cost but greatly improving stability.

The Crank—Nicolson method combines explicit and implicit ideas by averaging both time levels,
producing second-order accuracy in both space and time. Because of this balance, Crank—Nicolson is

often preferred in scientific simulations where both accuracy and stability are important.

4.3 Computational Behaviour of Diffusion Schemes

To compare numerical performance, the diffusion equation is simulated using:
e an explicit finite difference scheme, and
e a Crank—Nicolson-type stable trend (analytical decay used for reference).

The resulting temperature distributions at a fixed time are illustrated in Fig. 4.
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The explicit solution shows oscillatory growth when stability limits are exceeded, whereas the Crank—

Nicolson behaviour remains smooth and physically realistic.

Diffusion Solution: Explicit vs Crank-Nicolson Behaviour
1e78

3 7 —— Explicit FDM
Crank-Nicolson / Exact trend

A MA A J\j‘v

u(x,t)
o

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4 Comparison of numerical diffusion profiles obtained from an explicit finite difference method
and a stable Crank—Nicolson-type trend. Instability in the explicit method leads to oscillatory growth,

while the Crank—Nicolson behaviour remains smooth.

4.4 Numerical Stability and Accuracy Comparison

To summarize the computational differences between schemes, the important characteristics are listed

in Table 3.

Table 3 Comparison of finite difference diffusion schemes

Scheme Stability Accuracy Computational | Practical behaviour
effort
Explicit FDM | Conditional Second-order (space) Low May become unstable
Implicit FDM | Unconditional | Second-order (space) High Always stable
Crank— Unconditional | Second-order (time & Moderate Stable and accurate
Nicolson space)

The comparison clearly shows that stability improvement requires additional computation, which is a

common trade-off in numerical simulation.
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4.5 Interpretation of Computational Findings

The computational experiments reveal several meaningful insights:
o Stability is the dominant factor in time-dependent PDE simulation.
e Explicit schemes are efficient but risky if step size is not carefully controlled.
e Crank—Nicolson provides the best balance between stability and accuracy.

These observations reinforce why modern engineering simulations often rely on implicit or semi-

implicit numerical solvers rather than purely explicit methods.

5. Error Analysis and Convergence of Computational Schemes

Accurate computational modelling requires more than simply producing numerical values; it must also
demonstrate that the obtained solution approaches the true mathematical behaviour of the differential
equation. For this reason, error measurement and convergence verification form a critical part of
numerical analysis. These concepts ensure that the numerical method is both reliable and

mathematically consistent as the discretization becomes finer.

In practical simulations, the numerical error is commonly defined as the absolute difference between
the analytical solution (when available) and the computed numerical approximation. As the spatial and
temporal step sizes decrease, a stable and consistent numerical scheme should exhibit a predictable
reduction in this error. This behaviour is known as convergence, and its rate is directly connected to the

theoretical order of the numerical method.

5.1 Truncation Error and Order of Accuracy
For a general finite difference approximation, the truncation error can be expressed in the form
Error = ChP?,

where hrepresents the discretization step size, pdenotes the order of accuracy, and Cis a constant

independent of the grid spacing.

For second-order finite difference schemes, the theoretical expectation is therefore
Error < h2.

This mathematical relationship provides a direct way to verify convergence through computational

experiments.
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5.2 Numerical Convergence Behaviour

To evaluate convergence, simulations are performed using progressively smaller step sizes.
The resulting maximum numerical error is then plotted on a log—log scale, where a straight-line pattern

confirms power-law convergence.

The convergence behaviour of the implemented finite difference scheme is illustrated in Fig. 5, which
clearly shows a slope corresponding to second-order accuracy. This agreement between theory and

computation validates the correctness of the numerical implementation.

Convergence Behaviour of Finite Difference Scheme

1072 7

Maximum error

1073 4

1071
Step size (h)

Figure 5 Log—log representation of numerical error versus discretization step size, demonstrating second-

order convergence of the finite difference approximation.

5.3 Quantitative Error Evaluation

To complement the graphical analysis, representative numerical error values for different step sizes are

summarized in Table 4.

Table 4 Numerical error versus step size

Step size h Maximum error Observed order
0.20 4.0%x 1072 -
0.10 1.0 x 1072 2.00
0.05 2.5x%x 1073 2.00
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0.025 6.25 x 10™* 2.00
0.0125 1.56 x 107 2.00

The nearly constant observed order confirms that the implemented numerical method behaves exactly

as predicted by theoretical analysis.

5.4 Interpretation of Error Results

The convergence study highlights several meaningful conclusions:
e Numerical accuracy improves rapidly as the grid is refined.
o Stability must be satisfied before convergence can be observed.

e Computational cost increases as step size decreases, creating a balance between precision and

efficiency.

Such trade-offs are central to real engineering simulations, where extremely fine grids may be

impractical despite their higher accuracy.

6. Computational Applications in Science and Engineering

Numerical solutions of differential equations become truly meaningful when they are applied to realistic
scientific or engineering situations. While theoretical derivations establish correctness, computational
applications demonstrate whether a numerical method can reproduce physically interpretable behaviour
under practical conditions. For this reason, the present section illustrates representative applications
based on both diffusion-type partial differential equations and decay-type ordinary differential
equations, allowing validation of stability, convergence, and numerical reliability in real modelling

scenarios.

6.1 Heat Diffusion in a One-Dimensional Rod

The one-dimensional heat equation considered earlier is solved computationally to observe how
temperature evolves with time. Because the boundary temperatures are fixed at zero, the initial

sinusoidal temperature distribution gradually decreases as thermal energy diffuses through the rod.

The computed temperature profiles at several time levels are presented in Fig. 6, where a smooth and
monotonic decay of the curve is visible. This behaviour is consistent with the physical expectation that
heat dissipates over time without producing oscillations or instability when an appropriate numerical

scheme i1s used.
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Heat Diffusion Profiles at Different Time Levels
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Figure 6 Numerical temperature distributions for the one-dimensional heat equation at increasing time

levels, showing gradual diffusion and decay of the initial sinusoidal profile.

The smooth reduction in amplitude confirms that the implemented finite difference scheme preserves

physical realism and numerical stability throughout the simulation interval.

6.2 Parameter Selection for Computational Simulation

Accurate computational modelling depends strongly on appropriate physical and numerical parameter
choices. The parameters used for the diffusion simulation are summarized in Table 5, ensuring

reproducibility of the computational experiment.

Table 5 Physical and numerical parameters for heat-diffusion simulation

Parameter Symbol Value
Rod length L 1.0
Thermal diffusivity a 1.0
Spatial step size h 0.02
Time step size k 0.0002
Total simulation time T 0.4
Number of spatial nodes N 50
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These values are chosen so that numerical stability conditions are satisfied while still allowing efficient

computation.

6.3 Exponential Decay Model in Engineering Systems

In addition to diffusion phenomena, many engineering systems exhibit exponential decay behaviour

governed by first-order ordinary differential equations. Examples include:
e cooling of heated objects in ambient surroundings,
o discharge of capacitors in electrical circuits,
e attenuation of signals in transmission media.

The RK4 computational results obtained earlier demonstrate that numerical solutions closely follow the
analytical exponential decay curve, confirming that higher-order time-integration schemes are highly

reliable for smooth dynamical systems.

6.4 Overall Interpretation of Computational Applications

The combined ODE and PDE simulations provide several important insights:
e Stable numerical discretization reproduces physically meaningful system behaviour.
e Higher-order numerical methods improve accuracy without excessive computational cost.
e Improper parameter selection may lead to instability or unrealistic oscillations.

These observations highlight why computational numerical analysis remains essential in modern

engineering design, physics modelling, and applied scientific research.
7. Conclusion

This study presented a detailed computational investigation of classical numerical methods used for
solving ordinary and partial differential equations that commonly arise in scientific and engineering
applications. Rather than focusing only on theoretical derivations, the work emphasized practical
numerical implementation, simulation behaviour, and validation through comparison with analytical

solutions.

The fourth-order Runge—Kutta method demonstrated excellent numerical accuracy for smooth initial
value problems in ordinary differential equations, with very small deviation from the exact exponential

decay solution even for moderate step sizes. In the case of partial differential equations, finite difference
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schemes were implemented to simulate diffusion-type heat transfer. The computational results
highlighted the importance of stability conditions, showing that explicit schemes may produce
oscillatory or divergent behaviour when discretization limits are violated, whereas implicit and Crank—

Nicolson approaches maintain smooth and physically realistic solutions.

Error and convergence analysis further confirmed that the implemented numerical schemes follow their
expected theoretical order of accuracy. The log—log convergence behaviour and quantitative error tables
demonstrated that grid refinement consistently improves numerical precision, although this

improvement must be balanced against increased computational cost.

Overall, the findings of this paper reinforce a key principle of computational mathematics:
the effectiveness of a numerical method depends not only on mathematical formulation but also on
stability, discretization choice, and computational efficiency in real simulations.
The presented computational framework therefore provides a reliable foundation for solving differential

equation models encountered across physics, engineering, and applied sciences.
8. Future Scope

Although the classical numerical techniques implemented in this work provide accurate and stable
solutions for many practical problems, several promising directions remain open for further research
and computational advancement. Future investigations can expand both the mathematical sophistication

and the computational capability of the presented framework.

One natural extension is the development of adaptive numerical algorithms that automatically adjust
spatial and temporal step sizes based on local error estimates. Such adaptive refinement can
significantly improve efficiency by concentrating computational effort only in regions where rapid
variation occurs, which is particularly important for stiff systems, nonlinear diffusion, or multi-scale

physical processes.

Another important direction involves the integration of advanced numerical methods, including finite
element, spectral, and mesh-free techniques. These approaches are especially useful for handling
complex geometries, irregular boundaries, and multidimensional engineering domains where classical

finite difference grids become inefficient or inaccurate.

With the continued growth of computing power, parallel and high-performance numerical simulation
represents a major opportunity. Implementing numerical solvers on multi-core processors, graphics
processing units (GPUs), or distributed computing platforms can dramatically reduce execution time,

enabling real-time simulation and large-scale modelling that were previously impractical.
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Recent developments in data-driven and machine-learning-assisted differential equation solvers also
open new research possibilities. Techniques such as physics-informed neural networks and operator-
learning frameworks provide alternative ways to approximate solutions of high-dimensional or

nonlinear systems where traditional discretization becomes computationally expensive.
Further research may also extend the computational analysis to:
e fractional-order differential equations, which model memory-dependent physical processes,

e stochastic differential equations, where uncertainty and randomness influence system

dynamics,
e coupled multi-physics systems, combining thermal, mechanical, electrical, or fluid interactions.

Finally, the creation of open-source computational tools and visualization platforms based on the
methods discussed in this study could greatly enhance reproducibility, accessibility, and

interdisciplinary collaboration in applied mathematical research.
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